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Practice problems

1. If dS = pSdt + 0SdW, where W is Wiener process. Find the stochastic differential
equation satisfied by

e f(5)
e f(5)

2. If there are two assets satisfying the following stochastic differential equations:

As
STL

The wiener process dW; satisfy £(dW?) = dt. The asset price changes are co related
with each other

where —1 < p;; < 1. Derive the Ito’s lemma for a function f(t, Sy, S2). Generalize the
result to n assets.

3. Consider
. log(S/E) + (r + 2o*)(T —t)
' o/ (T —t)
g — log(S/E) + (r — %02)(T — 1)
! o/ (T —t '

Also N(d) = 7= [ e7*/*dx. Show that

N/ (dQ) = N/ (dl)EGT(T_t),
E
where

/ 1
N (d) = EG_(F/Q.

4. Show that
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Show that
C(S,t) = SN(dy) — Ee "= N(d,)

for European call option and
P(S,t) = Ee "T"UN(—dy) — SN(—d,)

satisfy

oV  10*V oV
o Taae s V=0

Show that C'(S,t) and P(S,t) also satisfy the put-call parity.
Calculate the following Greeks for both European call and Put options

A = %

A = 22

Lear = 25

Tput = 555

Assume r = 0, calculate © = —%_‘t/
Calculate O = — %

Show that O, = Oy — rEe 'Y
Calculate Vegacq = g—g

Calculate Vegapy,, = %

Calculate peay = %5

Calculate pp, = 22

What is the random walk followed by European call option.

Suppose that European calls of all exercise prices are available. regarding S as fixed
and F as variable, show that their price C'(E, t) satisfy the partial differential equations
oc 1., ,0°C oC
— 4+ -0*F*— —rE— =0.
ot 20 "o "M aE
Transform the Black-Scholes partial differential equation with continuous dividend
yield Dy

oV 10%°V ov
W—Fi@—i-(T—DO)S%—TV—O,
into the diffusion equation
ou_ o
or  0xz%

Use the transformation 7 =T — ¢, x = log(S/FE), and v(x,t) = V(gvt).
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21. Assume the Black-Scholes framework. Consider a 6-month European call option, with:

e stock price is $100.

e strike price of the option is $98.

e continuously compounded risk-free interest rate is r = 0.055.
e Dy =0.01.

e volatility o = 0.50.

Calculate the price of this put option.
Note: In the case of continuous dividend rate Dy

g 1Og(S/E)+(T—D0)+%O'2(T—t)
' o/ (T — 1)

22. Expand U(z, 74 67) and U(x, T —d7) as Taylor series about (x, 7). Deduce the central
difference approximation.

23. Develop implicit finite difference Scheme for Black-Scholes partial differential equation.

24. Develop explicit finite difference Scheme for Black-Scholes partial differential equation.

25. Derive the partial differential equation for the Asian option, where

payoff = max(S(T) — %[(t), 0)

and

I(t) = /0 " pS b
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